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Binary Representation of Numbers 
Autar Kaw 

 

After reading this chapter, you should be able to: 

1. convert a base-10 real number to its binary representation, 
2. convert a binary number to an equivalent base-10 number. 

 

 In everyday life, we use a number system with a base of 10.  For example, look 

at the number 257.56.  Each digit in 257.56 has a value of 0 through 9 and has a place 

value.  It can be written as 

21012 10610710710510276.257 −− ×+×+×+×+×=  

In a binary system, we have a similar system where the base is made of only two digits 

0 and 1. So it is a base 2 system.  A number like (1011.0011) in base-2 represents the 

decimal number as 

( )
1875.11

)21212020()21212021()0011.1011(
10

43210123

2

=

×+×+×+×+×+×+×+×= −−−−

 

in the decimal system. 

 To understand the binary system, we need to be able to convert binary numbers 

to decimal numbers and vice-versa.   

 We have already seen an example of how binary numbers are converted to 

decimal numbers. Let us see how we can convert a decimal number to a binary 

number. For example take the decimal number 11.1875.  First, look at the integer part: 

11. 

1. Divide 11 by 2.  This gives a quotient of 5 and a remainder of 1.  Since the 

remainder is 1, 10 =a . 

2. Divide the quotient 5 by 2.  This gives a quotient of 2 and a remainder of 1.  

Since the remainder is 1, 11 =a . 

3. Divide the quotient 2 by 2.  This gives a quotient of 1 and a remainder of 0.  

Since the remainder is 0, 02 =a . 

4. Divide the quotient 1 by 2.  This gives a quotient of 0 and a remainder of 1.  

Since the remainder is , 13 =a . 
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Since the quotient now is 0, the process is stopped.  The above steps are summarized 

in Table 1. 
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Table 1   Converting a base-10 integer to binary representation.  

 

 Quotient Remainder 

11/2 5 01 a=  

5/2 2 11 a=  

2/2 1 20 a=  

1/2 0 31 a=  

Hence 

 
2

2012310

)1011(

)()11(

=

= aaaa
 

For any integer, the algorithm for finding the binary equivalent is given in the flow chart 

on the next page. 

Now let us look at the decimal part, that is, 0.1875. 

1. Multiply 0.1875 by 2.  This gives 0.375.  The number before the decimal is 0 and 
the number after the decimal is 0.375.  Since the number before the decimal is 0, 

01 =−a . 

2. Multiply the number after the decimal, that is, 0.375 by 2.  This gives 0.75.  The 
number before the decimal is 0 and the number after the decimal is 0.75.  Since 

the number before the decimal is 0, 02 =−a . 

3. Multiply the number after the decimal, that is, 0.75 by 2.  This gives 1.5.  The 
number before the decimal is 1 and the number after the decimal is 0.5.  Since 

the number before the decimal is 1, 13 =−a . 

4. Multiply the number after the decimal, that is, 0.5 by 2.  This gives 1.0.  The 
number before the decimal is 1 and the number after the decimal is 0.  Since the 

number before the decimal is 1, 14 =−a .   

Since the number after the decimal is 0, the conversion is complete.  The above steps 

are summarized in Table 2. 

 

Table 2.  Converting a base-10 fraction to binary representation. 
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 Number 

Number 

after 

decimal 

Number 

before 

decimal 

0.1875×2 0.375 0.375 10 −= a  

0.375×2 0.75 0.75 20 −= a  

0.75×2 1.5 0.5 31 −= a  

0.5×2 1.0 0.0 41 −= a  



 
Source URL: http://numericalmethods.eng.usf.edu/ 
Saylor URL: http://www.saylor.org/courses/me205/ 

 
Attributed to: University of South Florida: Holistic Numerical Methods Institute Saylor.org 

 Page 5 of 12 

 

Start 

Input (N)10 

i = 0 

Divide N by 2 to get quotient 

Q & remainder R 

ai = R 

Is Q = 0? 

n = i 

(N)  = (a . . .a )

STOP 

Integer N to be converted to 

binary format 

i = i+1 

No 

Yes 
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Hence 

 
2

2432110

)0011.0(

)()1875.0(

=

= −−−− aaaa
 

The algorithm for any fraction is given in a flowchart on the next page. 

Having calculated  

 210 )1011()11( =   

and  

 210 )0011.0()1875.0( = ,  

we have 

210 )0011.1011()1875.11( = . 

In the above example, when we were converting the fractional part of the number, we 

were left with 0 after the decimal number and used that as a place to stop.  In many 

cases, we are never left with a 0 after the decimal number.  For example, finding the 

binary equivalent of 0.3 is summarized in Table 3. 

 

Table 3.  Converting a base-10 fraction to approximate binary representation. 

 

 Number 
Number after 

decimal 

Number before 

decimal 

0.3×2 0.6 0.6 10 −= a  

0.6×2 1.2 0.2 21 −= a  

0.2×2 0.4 0.4 30 −= a  
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0.4×2 0.8 0.8 40 −= a  

0.8×2 1.6 0.6 51 −= a  

 

As you can see the process will never end. In this case, the number can only be 

approximated in binary format, that is, 

225432110 )01001.0()()3.0( =≈ −−−−− aaaaa  

Q: But what is the mathematics behinds this process of converting a decimal number to 

binary format? 

A: Let z  be the decimal number written as 

yxz .=  

where  

 x  is the integer part and y  is the fractional part. 

We want to find the binary equivalent of x .  So we can write 
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Start 

Input (F)10 

1i −=  

Multiply F by 2 to get number 

before decimal, S and after 

decimal, T 

ai = R 

Is T = 0? 

n = i 

(F)  = (a . . .a )

STOP 

Fraction F to be converted 

to binary format 

1ii −=  

No 

Yes 
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 0

0

1

1 2...22 aaax n

n

n

n +++= −

−  

If we can now find naa .,.,.0 in the above equation then  

20110 )...()( aaax nn −=  

We now want to find the binary equivalent of y .  So we can write 

m

mbbby −

−

−

−

−

− +++= 2...22 2

2

1

1  

If we can now find mbb −− .,.,.1 in the above equation then  

22110 )...()( mbbby −−−=  

Let us look at this using the same example as before.   

 

Example 1 

Convert 10)1875.11(  to base 2. 

Solution 

To convert 10)11(  to base 2, what is the highest power of 2 that is part of 11.  That power 

is 3, as 823 =  to give  

3211 3 +=  

What is the highest power of 2 that is part of 3.  That power is 1, as 221 =  to give 

123 1 +=  

So 

1223211 133 ++=+=  

What is the highest power of 2 that is part of 1.  That power is 0, as 120 =  to give 

  021 =  

Hence 
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2

012301313

10 )1011(21212021222122)11( =×+×+×+×=++=++=  

To convert 10)1875.0(  to the base 2, we proceed as follows.  What is the smallest 

negative power of 2 that is less than or equal to 0.1875.  That power is 3−  as 

125.02 3 =− . 

So 

0625.021875.0 3 += −  

What is the next smallest negative power of 2 that is less than or equal to 0.0625.  That 

power is 4−  as 0625.02 4 =− . 

So 

43 221875.0 −− +=  

Hence 

2

4321433

10 )0011.0(21212020220625.02)1875.0( =×+×+×+×=+=+= −−−−−−−  

Since 

210 )1011()11( =  

and 

210 )0011.0()1875.0( =  

we get  

210 )0011.1011()1875.11( =  

Can you show this algebraically for any general number? 

 

Example 2 

Convert 10)875.13(  to base 2. 

Solution 

For 10)13( , conversion to binary format is shown in Table 4. 
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Table 4.  Conversion of base-10 integer to binary format. 

 Quotient Remainder 

13/2 6 01 a=  

6/2 3 10 a=  

3/2 1 21 a=  

1/2 0 31 a=  

 

So  

 210 )1101()13( = . 

Conversion of 10)875.0(  to binary format is shown in Table 5. 

 

Table 5.  Converting a base-10 fraction to binary representation. 

 

 Number 
Number after 

decimal 

Number before 

decimal 

0.875×2 1.75 0.75 11 −= a  

0.75×2 1.5 0.5 21 −= a  

0.5×2 1.0 0.0 31 −= a  

 

So  

 210 )111.0()875.0( =  
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Hence 

210 )111.1101()875.13( =  

 


