Mechanical Engineering Example of the Lagrange Method of Interpolation
Autar Kaw

Example 1

For the purpose of shrinking a trunnion into a hub, the reduction of diameter AD of a
trunnion shaft by cooling it through a temperature change of AT is given by

AD = DaAT
where
D = original diameter (in.)
a = coefficient of thermal expansion at average temperature (in/in/°F)

The trunnion is cooled from 80°F to —108°F, giving the average temperature as —14°F .

The table of the coefficient of thermal expansion vs. temperature data is given in Table
1.

Table 1 Thermal expansion coefficient as a function of temperature.

Temperature, T (°F)|Thermal Expansion Coefficient, a (in/in/°F)
80 6.47x107°
0 6.00x10°°
—-60 5.58x107°
-160 4.72x10°°
—260 3.58x107°
-340 2.45x107°
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Figure 1 Thermal expansion coefficient vs. temperature.

If the coefficient of thermal expansion needs to be calculated at the average
temperature of —14°F , determine the value of the coefficient of thermal expansion at

T =-14°F using a first order Lagrange polynomial.

Solution

For first order Lagrange polynomial interpolation (also called linear interpolation), the
coefficient of thermal expansion is given by

(1) = Y.L ()a(T)

= Ly(Da(Ty) + L(T)e(T,)
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Figure 2 Linear interpolation.

Since we want to find the coefficient of thermal expansion at 7 = -14°F, we choose two
data points that are closest to 7' =—-14°F and that also bracket T'=—-14°F. The two
points are 7, =0 and 7, = —60°F .

Then
T, =0, a(T,)=6.00x10"°
T, =60, a(T;)=5.58x10"°
gives
L T-T,
Ly(T) = .
’ HTO—Tj
J#0
_I-1
To _Tl

Source URL: http://numericalmethods.enq.usf.edu/
Saylor URL: http://www.saylor.org/courses/me205/

Attributed to: University of South Florida: Holistic Numerical Methods Institute Saylor.org

Page 3 of 14



_T-T,
_TI_TO
Hence
T-T T-T
a(T) = —a(T))+ - a(T))
0o *1 1~ 4o
_TH60 6.00x10)+ L9 (5.58x10), —60<T <0
0+ 60 —60-0
a(-14) = ﬂ(6.00x10-6)+ ~14-0 (5.58x107°)
0+ 60 -60-0

= 0.76667(6.00x107) +0.23333(5.58 x10™°)

=5.902x107° in/in/°F

You can see that L,(T)) =0.76667 and L,(T") =0.23333 are like weightages given to the
coefficients of thermal expansion at 7 =0 and 7 =-60°F to calculate the coefficient of

thermal expansion at T'=—-14°F.

Example 2

For the purpose of shrinking a trunnion into a hub, the reduction of diameter AD of a
trunnion shaft by cooling it through a temperature change of AT is given by

AD = DaAT
where

D = original diameter (in.)

a = coefficient of thermal expansion at average temperature (in/in/°F)
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The trunnion is cooled from 80°F to —108°F, giving the average temperature as —14°F .
The table of the coefficient of thermal expansion vs. temperature data is given in Table

2.

Table 2 Thermal expansion coefficient as a function of temperature.

Tem;J(eo;a)ture, Thermal Expansion Coefficient, a(in/in/°F)
80 6.47x10"°
0 6.00x10°
—60 5.58x10~
-160 4.72x10°°
—260 3.58x107°
-340 2.45x107°

If the coefficient of thermal expansion needs to be calculated at the average

temperature of —14°F , determine the value of the coefficient of thermal expansion at
T =—14°F using a second order Lagrangian polynomial. Find the absolute relative

approximate error for the second order polynomial interpolation.

Solution

For second order Lagrange polynomial interpolation (also called quadratic interpolation),

the coefficient of thermal expansion given by
2
a(T) = L(T)a(T)
i=0

= Ly(T)a(Ty) + Li(T)a(T)) + L, (T)e(T;)
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Figure 3 Quadratic interpolation.

Since we want to find the coefficient of thermal expansion at 7' =—-14°F , we need to
choose data points that are closest to 7' =-14°F that also bracket 7'=—-14°F to
evaluate it. The three points are 7, =80°F, 7, =0 and 7, = —60°F .

T, =80, a(T,)=6.47x10"°
T, =0, a(T,)=6.00x10"°
T, =60, a(T,)=5.58x10"

gives

2 - .

T
Ly(T)= ’
=117

J

j#0

[ - Tl J[ - Tz j
T, 0 Tl T, 0 T, 2
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2 T-T.
L(T)= :
‘ gﬂ—f

j#l

(T-T,\T-T,
TI_TO TI_TZ
2 .

LZ(T):HT _ .

J

j#2

(T-1, ) T-T,
Tz _To TZ_TI

Hence

T-T, \T-T, T-T,\ T-T, T-T,\ T-T,
a(T) :(To _le(To _Tz ja(TO)-’_(Tl _To j(Tl _Tz ja(ﬂ)+(T2 _Toj(Tz _Tl]a(TZ)’

T,<T<T,

_(C14-0)CIAH60) (e, (C14-80)(14+60)
(80 — 0)(80 + 60) (0—80)(0 + 60)

, (C14-80)(-14-0)
(=60 —80)(=60 — 0)

a(-14) (6.00x107°)

(5.58x107°)

= (-0.0575)(6.47 x107°) + (0.90083)(6.00x 10~°) +(0.15667)(5.58 x 10~°)
=5.9072x107° in/in/°F

The absolute relative approximate error

€,| obtained between the results from the first

and second order polynomial is

5.9072x10° —5.902x10°°|

€, =| — x 100
| 5.9072x10 |
=0.087605%
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Example 3

For the purpose of shrinking a trunnion into a hub, the reduction of diameter AD of a
trunnion shaft by cooling it through a temperature change of AT is given by

AD = DaAT
where
D = original diameter (in.)
a = coefficient of thermal expansion at average temperature (in/in/°F)

The trunnion is cooled from 80°F to —108°F, giving the average temperature as —14°F .

The table of the coefficient of thermal expansion vs. temperature data is given in Table
3.

Table 3 Thermal expansion coefficient as a function of temperature.

Tem;)(i;a)ture, Thermal Expansion Coefficient, a(in/in/°F)
80 6.47x10°
0 6.00x10°
—60 5.58x 10"
-160 4.72x10°°
—260 3.58x107°
-340 2.45x107°

a) If the coefficient of thermal expansion needs to be calculated at the average
temperature of —14°F, determine the value of the coefficient of thermal

expansion at 7 =-14°F a third order Lagrange polynomial. Find the absolute
relative approximate error for the third order polynomial approximation.
b) The actual reduction in diameter is given by
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Ty
AD:DjadT
T.

where T = room temperature (°F)

T, = temperature of cooling medium (°F)

Since
T. =80°F
T, =-108°F
-108
AD =D j adT

80

Find out the percentage difference in the reduction in the diameter by the above integral
formula and the result using the thermal expansion coefficient from part (a).

Solution
a) For third order Lagrange polynomial interpolation (also called cubic interpolation), the
coefficient of thermal expansion is given by

a(T) =Y L()a(T))

=L, (Da(Ty) + Li(Ta(T) + Ly (T)a(T,) + Ly (T)a(T5)
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Figure 4 Cubic interpolation.

Since we want to find the coefficient of thermal expansion at 7' = -14°F, and we are
using a third order polynomial, we need to choose the four points closest to 7' = —-14°F
that also bracket 7= —-14°F to evaluate it. The four points are T, =80°F, T, =0,

T, =—60°F and T, = —160°F..

Then
T, =80, a(T,)=6.47x10"°
T, =0, a(T,)=6.00x10"°
T, =60, a(T,)=5.58x10"
T, =-160, a(T,)=4.72x10"°
gives
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3 - .

Tr-T
Ly(T)= ’
=117

J

j#0

(T-T,\T-T, \ T-T,
TO_TI To_Tz To_T3
3 .
J

T_
L(T)=
‘ QE—T-

J

j#l

(r-1,\T-T,\ T-T,
L-Ty \T, -T, \T, - T,
3 —

T-T,
LO=1l7—=

R
Tz_To TZ_TI Tz_T3
3 T-T.

L3(T):H -
0 1=
J*

(T-T,\T-T,\T-T,
T3 _To T3_T1 T3 _Tz

Hence

T-T, T-T T-T. T-T T-T T-T.
a(l)=|— : )+ | : 5
TO_TI To_Tz To_T3 TI_TO TI_TZ TI_T3

T-T,

ja(Tl)

T-T T-T T-T. T-T T-T
+ 0 1 3 0((T2)+ 0 1
Tz_To Tz_Tl Tz_T3 Tz_To T3_T1
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_ (~14-0)(—14+ 60)(~14 +160)
(80— 0)(80 + 60)(80 + 160)

, (£14-80)(-14+60)(~14 +160)
(0—80)(0+ 60)(0 +160)

, (C14-80)(-14-0)(~14+160)

(=60 — 80)(—60 — 0)(—60 + 160)
(—14 —80)(~14 — 0)(~14 + 60)

(=160 — 80)(—160 — 0)(=160 + 60)

a(-14) (6.47x107%)

(6.00x107%)

(5.58x107°)

(4.72x107%)

= (-0.034979)(6.47 x10™°) + (0.82201)(6.00 x 10™°) + (0.22873)(5.58x10~%)
+(=0.015765)(4.72x107°)

=5.9077 x 107 in/in/°F

The absolute relative approximate error obtained between the results from the

ea

second and third order polynomial is

5.9077x10™° —5.9072x10™° |
— x100
5.9077x10 |

ea

_|
|
=0.0083867%

b) In finding the percentage difference in the reduction in diameter, we can rearrange
the integral formula to

AD
22 _ (edr
Dl

and since we know from part (a) that
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(T —0)(T +60)(T +160)
(80— 0)(80+ 60)(80 +160)
, (T =80)(T + 60)(T +160)
(0—80)(0 + 60)(0 +160)

(T —80)(T — 0)(T +160)
(—60 —80)(—60 — 0)(~60 +160)
T80T =0)T+60) 4 75, 10-), ~160 < T <80
(—160 —80)(~160 — 0)(—160 + 60)

a(T) (6.47x107%)

(6.00x107°)

(5.58x107°)

Combining like terms, we get

a(T)=6.00x10" +6.4786x10°T —8.1994x107°T* +8.1845x107° >,
~160<T <80

We see that we can use the integral formula in the range from 7', = -108°F to T, = 80°F

Therefore,

AD
22 _ (edr
Dl

-108

= j(6.00x 10°° +6.4786x10°T —8.1994 x 1072 T* +8.1845x 107" T*)dT
80
-108

2 4
W T

3
=16.00x10™°T +6.4786 x 10 5 —8.1994x10—‘2%+8.1845><10—15TT

80

=-1105.9x10°°

So % =-1105.9x107° in/in using the actual reduction in diameter integral formula. If

we use the average value for the coefficient of thermal expansion from part (a), we get

£:ozAT
D

=a(T, -T,)
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=5.9077x107°(~108 — 80)
=-1110.6x107°

and % =-1110.6x107° in/in using the average value of the coefficient of thermal

expansion using a third order polynomial. Considering the integral to be the more
accurate calculation, the percentage difference would be

1105.9x10° +1110.6x10™° |

€, l= |_ —~ x 100
| ~1105.9x10 |
=0.42775%
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